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1. Introduction
Reidemeister moves are local moves on diagrams of links in R2 or S2. For unoriented links, there are three types of
moves as in Fig. 1.
The following fact is well known.
Theorem 1.1. Let D and D ′ be diagrams of an unoriented link L in R2 or S2 . Then, there exists a ﬁnite sequence SQ(D, D ′) = (D =
D0, D1, . . . , Dm = D ′) of diagrams of L such that each diagram D j , 0< j m, is obtained from D j−1 by a Reidemeister move.
There are a lot of researches [1–6] on relationships between diagrams of a link and Reidemeister moves connecting
the diagrams, for example, the number of Reidemeister moves which change a diagram into another one and the kinds of
Reidemeister moves needed to change a diagram into another one.
The main purpose of this paper is to introduce a distance for diagrams of an oriented knot and evaluate it. So, we deal
with diagrams of oriented knots in this paper.
Prime Reidemeister moves are the ﬁve local moves on diagrams of oriented links as in Fig. 2.
The set of prime Reidemeister moves is denoted by
P5 = {Ω1a,Ω1b,Ω2a,Ω2b,Ω3}.
Then, Polyak shows the following.
Theorem 1.2. ([7]) The set P5 is a minimal generating one of oriented Reidemeister moves in R2 .
Let D and D ′ be diagrams of an oriented link L in R2 or S2. A ﬁnite sequence (D = D0, D1, . . . , Dm = D ′) of diagrams
of L is called prime if each diagram D j,0 < j m, is obtained from D j−1 by a prime Reidemeister move. We denote such
a prime sequence by PSQ(D, D ′). If D and D ′ are the same, then the sequence (D = D0 = D ′) can be regarded as a prime
one.
The following is an immediate consequence of Theorem 1.2.
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Fig. 2. Prime Reidemeister moves.
Corollary 1.3. For two diagrams D and D ′ of an oriented link in S2 , there exists a prime sequence PSQ(D, D ′) from D to D ′ .
Let D and D ′ be diagrams of a knot. The Prime Reidemeister distance or the Rp-distance from D to D ′ is deﬁned to be the
minimum length of prime sequences from D to D ′ , where the length of a prime sequence is the number of diagrams in the
sequence minus one. We denote it by dRp(D, D ′).
Three values are introduced. Let C(D) be the set of crossings of D . The writhe of D denoted by wr(D) is the sum of
signatures of crossings of D , that is
∑
c∈C(D) sign(c). We deﬁne a value cc(D) by c+(D) − sc(D), where c+(D) and sc(D)
denote the numbers of positive crossings and Seifert circles of D , respectively. The weighted writhe of D , which is denoted by
wt(D), is deﬁned to be
∑
c∈C(D) lk(ScD) sign(c), where ScD denotes the 2-component link obtained from D by smoothing
at a crossing c of D and lk(ScD) denotes the linking number of ScD .
Remark 1.4. The weighted writhe of D coincides with the cowrithe of D , which is deﬁned by Hayashi [5] and is given in
terms of the cord diagram of D .
The Prime Reidemeister distance can be evaluated by using the above values.
Theorem 1.5. For two diagrams D and D ′ of a knot,
1. dRp(D, D ′) |wr(D) −wr(D ′)| + |cc(D) − cc(D ′)| + |wt(D) −wt(D ′)|,
2. dRp(D, D ′) ≡ |wr(D) −wr(D ′)| + |cc(D) − cc(D ′)| + |wt(D) −wt(D ′)| (mod 2).
The proof of Theorem 1.5 will be given in Section 4. In Sections 2 and 3, we arrange everything for the proof and
evaluations. A couple of realization problems for distances deﬁned in Section 2 are treated in Section 5. In the last section,
we are planning to show an application which makes use of distances.
2. Distances
In this section, we introduce a few distances for diagrams of a knot. Let D and D ′ be diagrams of an oriented knot. We
denote the set of prime sequences from D to D ′ by PS(D, D ′). Let Q be a subset of P5. The Q-order of a prime sequence
PSQ(D, D ′), which is denoted by |PSQ(D, D ′) : Q|, is the number of diagrams in PSQ(D, D ′) each of which is obtained
from the previous diagram in the sequence by a prime Reidemeister move in Q. The Q-distance from D to D ′ denoted by
dQ (D, D ′) is deﬁned to be min{|PSQ(D, D ′) : Q|;PSQ(D, D ′) ∈ PS(D, D ′)}.
Remark 2.1. dQ (D, D ′) = dQ (D ′, D).
If Q = P5, then we have the Prime Reidemeister distance or the Rp-distance. We similarly have the following three
distances from three typical subsets of P5. If Q is each of sets R1 = {Ω1a,Ω1b}, R2 = {Ω2a,Ω2b} and R3 = {Ω3}, then we
have the R1-distance, the R2-distance and the R3-distance, respectively.
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Fig. 4. Two diagrams of a trefoil knot.
Example 2.2. Let D and D ′ be two diagrams of the trivial knot as in Fig. 3. It is easy to see that D ′ can be obtained from
D by an Ω2b move. Hence, we have dR1(D, D ′) = dR3(D, D ′) = 0 and dR2(D, D ′)  1. We also ﬁnd that dRp(D, D ′) = 1
because D and D ′ are distinct. We will show dR2(D, D ′) = 1 in Example 4.3.
Example 2.3. Let D and D ′ be two diagrams of a trefoil knot as in Fig. 4. Then, D ′ can be obtained from D by applying
an Ω1a move after an Ω3 move. Hence, we have dR2(D, D ′) = 0, dR3(D, D ′)  1 and dRp(D, D ′)  2. We also ﬁnd that
dR1(D, D ′) = 1 because Ω2a,Ω2b and Ω3 moves do not change the parity of the number of crossings of a diagram. We will
show dR3(D, D ′) = 1 and dRp(D, D ′) = 2 in Example 4.4.
3. Invariants
In this section, we give relationships between prime Reidemeister moves and three values which appear in Theorem 1.5.
Let K be an oriented knot in S3 and D and D ′ diagrams of K . Let Q be a subset of P5. A prime sequence PSQ(D, D ′) = (D =
D0, D1, . . . , Dm = D ′) is a Q-sequence if each Di,0< i m, is obtained from Di−1 by a prime Reidemeister move in Q. Two
diagrams D and D ′ are said to be Q-equivalent if they are related by a Q-sequence. Let D(K ) be the set of diagrams of K
and X a set. A map f : D(K ) → X (or an image of f ) is a Q-invariant if f (D) = f (D ′) for any two Q-equivalent diagrams D
and D ′ . We denote the subset P5 − Q of P5 by Q.
We deﬁne a map f1 from D(K ) to Z by f1(D) = wr(D). It is easy to see the following two propositions.
Proposition 3.1. f1 (or wr(D)) is an R1-invariant.
Proposition 3.2. If two diagrams are related by an Ω1a-move or an Ω1b-move, then the writhes of the diagrams differ only by 1.
Propositions 3.1 and 3.2 imply the following.
Corollary 3.3. For a prime sequence PSQ(D, D ′) = (D = D0, D1, . . . , Dm = D ′) with R1-order n,∑m−1j=0 |wr(D j) −wr(D j+1)| = n.
We deﬁne a map f2 from D(K ) to Z by f2(D) = cc(D).
Proposition 3.4. f2 (or cc(D)) is an R2-invariant.
Proof. Let D and D ′ be diagrams related by an Ω1a move or an Ω1b move. Suppose that c(D) > c(D ′). Then, we have
c+(D) = c+(D ′) + 1 and sc(D) = sc(D ′) + 1. Thus, cc(D) = c+(D) − sc(D) = c+(D ′) − sc(D ′) = cc(D ′). Next, we suppose that
diagrams D and D ′ are related by an Ω3 move. It is easy to see that c+(D) = c+(D ′). Since diagrams obtained from D and
D ′ by smoothing at all crossings are the same, we have sc(D) = sc(D ′). Thus, cc(D) = cc(D ′). 
Proposition 3.5. If two diagrams D and D ′ are related by an Ω2a-move or an Ω2b-move, then the values cc(D) and cc(D ′) differ only
by 1.
Proof. Suppose that c(D) > c(D ′). It is easy to see that c+(D) − c+(D ′) = 1. Considering the number of Seifert circles, we
have Sc(D) − Sc(D ′) ∈ {0,2}. Thus, cc(D) − cc(D ′) = ±1. 
The following is an immediate consequence of Propositions 3.4 and 3.5.
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We deﬁne a map f3 from D(K ) to Z by f3(D) = wt(D).
Proposition 3.7. f3 (or wt(D)) is an R3-invariant.
Proof. Let D and D ′ be diagrams related by an Ω1a move or an Ω1b move. Suppose that C(D) = C(D ′) ∪ {c}, where c
denotes the positive crossing of D in a stage for the local move. Since lk(ScD) = 0, we have
wt(D) =
∑
c∈C(D)
lk(ScD) sign(c) =
∑
c∈C(D ′)
lk(ScD) sign(c) = wt
(
D ′
)
.
Next, we assume that diagrams D and D ′ are related by an Ω2a move or an Ω2b move. Suppose that C(D) = C(D ′)∪{c+, c−},
where c+ and c− denote positive and negative crossings of D in a stage for the local move, respectively. Since Sc+ D = Sc− D
and sign(c−) = − sign(c+), we have lk(Sc+ D) sign(c+) + lk(Sc− D) sign(c−) = 0. Thus,
wt(D) =
∑
c∈C(D)
lk(ScD) sign(c) =
∑
c∈C(D ′)
lk(ScD) sign(c) + 0 = wt
(
D ′
)
. 
Proposition 3.8. If two diagrams are related by an Ω3-move, then the weighted writhes of the diagrams differ only by 1.
Proof. Let D and D ′ be diagrams related by an Ω3-move in a stage B . We denote by c1, c2 and c3 three positive crossings of
D in B which consist of the top and the middle arcs, the top and the bottom arcs and the middle and the bottom arcs, re-
spectively. We similarly denote three positive crossings of D ′ in B by c′1, c′2 and c′3. Then, C(D) = C(D − B) ∪ {c1, c2, c3}
and C(D ′) = C(D ′ − B) ∪ {c′1, c′2, c′3}. Note that C(D − B) = C(D ′ − B) because of D − B = D ′ − B . Since the linking
number is invariant under the Ω3-move, we obtain
∑
c∈C(D−B) lk(ScD) sign(c) =
∑
c∈C(D ′−B) lk(ScD ′) sign(c). We also have
lk(Sc1D) = lk(Sc′1D ′) and lk(Sc3D) = lk(Sc′3D ′) because Sc′1D ′ and Sc′3D ′ are the same diagrams as Sc1D and Sc3D respec-
tively. Hence, the difference between weighted writhes is lk(Sc2D) − lk(Sc′2D ′). Easy consideration shows the value is equal
to ±1, completing the proof. 
By Propositions 3.7 and 3.8, we easily obtain the following.
Corollary 3.9. For a prime sequence PSQ(D, D ′) = (D = D0, D1, . . . , Dm = D ′) with R3-order n,∑m−1j=0 |wt(D j) −wt(D j+1)| = n.
4. Evaluations
In this section, we give evaluations for distances deﬁned in Section 2 by using results shown in Section 3.
Theorem 4.1. For two diagrams D and D ′ of a knot,
1. dR1(D, D ′) |wr(D) −wr(D ′)|,
2. dR2(D, D ′) |cc(D) − cc(D ′)|,
3. dR3(D, D ′) |wt(D) −wt(D ′)|.
Proof. First, we prove the case of (1). Suppose that a prime sequence PSQ(D, D ′) = (D = D0, D1, . . . , Dm = D ′) satisﬁes
|PSQ(D, D ′) : R1| = dR1(D, D ′). By Corollary 3.3, we have
dR1
(
D, D ′
)=
m−1∑
j=0
∣∣wr(D j) −wr(D j+1)∣∣

∣∣wr(D0) −wr(Dm)∣∣= ∣∣wr(D) −wr(D ′)∣∣.
Proofs for cases of (2) and (3) are similar to that of the case of (1). 
Corollary 4.2. For two diagrams D and D ′ of a knot,
dRp
(
D, D ′
)

3∑
k=1
dRk
(
D, D ′
)
.
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|PSQ(D, D ′) : Rk| dRk(D, D ′),1 k 3. Thus, we have
m =
3∑
k=1
∣∣PSQ(D, D ′) : Rk∣∣
3∑
k=1
dRk
(
D, D ′
)
. 
Example 4.3. Let D and D ′ be diagrams as in Example 2.2. We show dR2(D, D ′) = 1. Since c+(D) = 1, sc(D) = 3, c+(D ′) = 0
and sc(D ′) = 1, we obtain cc(D) = 1−3 = −2 and cc(D ′) = 0−1 = −1. Thus, Theorem 4.1 gives dR2(D, D ′) |−2− (−1)| =
1. By Example 2.2, we have dR2(D, D ′) = 1.
Example 4.4. Let D and D ′ be diagrams as in Example 2.3. Then, we can show that dR3(D, D ′) = 1 and dR(D, D ′) = 2. Since
wt(D) = 4 and wt(D ′) = 3, we have dR3(D, D ′)  |4 − 3| = 1. Combining it with Example 2.3, we obtain dR3(D, D ′) = 1.
Corollary 4.2 shows dR(D, D ′) dR1(D, D ′) + dR3(D, D ′) = 2, which implies dR(D, D ′) = 2 because of Example 2.3.
Theorem 4.5. For two diagrams D and D ′ of a knot,
1. dR1(D, D ′) ≡ wr(D) −wr(D ′) (mod 2),
2. dR2(D, D ′) ≡ cc(D) − cc(D ′) (mod 2),
3. dR3(D, D ′) ≡ wt(D) −wt(D ′) (mod 2).
Proof. To begin with, we prove the ﬁrst claim. Let n = dR1(D, D ′). Then, there exists a prime sequence PSQ(D, D ′) = (D =
D0, D1, . . . , Dm = D ′) with R1-order n. By Corollary 3.3, we have
wr(D) −wr(D ′)=
m−1∑
j=0
(
wr(D j) −wr(D j+1)
)
≡
m−1∑
j=0
∣∣wr(D j) −wr(D j+1)∣∣ (mod 2)
= n.
Proofs of the second and the third claims are similar to that of the ﬁrst one. 
Corollary 4.6. For two diagrams D and D ′ of a knot,
dRp
(
D, D ′
)≡
3∑
k=1
dRk
(
D, D ′
)
(mod 2).
Proof. Suppose that a prime sequence PSQ(D, D ′) = (D = D0, D1, . . . , Dm = D ′) satisﬁes |PSQ(D, D ′) : P5| = dRp(D, D ′).
Then, Theorem 4.5 and Corollaries 3.3, 3.6 and 3.9, we have
dRp
(
D, D ′
)=
3∑
k=1
∣∣PSQ(D, D ′) : Rk∣∣
=
m−1∑
j=0
∣∣wr(D j) −wr(D j+1)∣∣+
m−1∑
j=0
∣∣cc(D j) − cc(D j+1)∣∣+
m−1∑
j=0
∣∣wt(D j) −wt(D j+1)∣∣
≡ wr(D) −wr(D ′)+ cc(D) − cc(D ′)+wt(D) − wt(D ′) (mod 2)
≡
3∑
k=1
dRk
(
D, D ′
)
(mod 2). 
Proof of Theorem 1.5. Theorem 4.1 and Corollary 4.2 give the ﬁrst inequality. The second formula is obtained from Theo-
rem 4.5 and Corollary 4.6. 
Theorem 4.5 implies the following.
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Fig. 6. Replacement of tangles for the R3-distance.
Corollary 4.7. For three diagrams D1, D2 and D3 of a knot,
dRk(D1, D2) + dRk(D2, D3) + dRk(D3, D1) ≡ 0 (mod 2), 1 k 3.
From Corollaries 4.6 and 4.7, we easily obtain the following.
Corollary 4.8. For three diagrams D1, D2 and D3 of a knot,
dRp(D1, D2) + dRp(D2, D3) + dRp(D3, D1) ≡ 0 (mod 2).
5. Realization problems
In this section, we consider realization problems for distances.
Lemma 5.1. Any Reidemeister move of type II with parallel orientations can be realized by an Ω3 move and some Ω1a and Ω2∗ moves.
Proof. There are two kinds of Reidemeister moves of type II with parallel orientations. Fig. 5 describes that one of them can
be realized by an Ω3 move, two Ω1a moves, four Ω2a moves and an Ω2b move. The other move can be realized similarly.
This completes the proof. 
Proposition 5.2. Let D be a diagram of a knot. For any positive integer n, there exists a diagram D ′ with dR3(D, D ′) = n.
Proof. Let D ′ be a diagram obtained from D by replacing a local arc of D with the tangle Tn as in Fig. 6. First, we
show dR3(D, D ′)  n. For a positive (resp. negative) crossing c of D ′ in the tangle Tn , it is clear that lk(ScD ′) = 0 (resp.
lk(ScD ′) = 1). Let c be a crossing of D ′ outside the tangle Tn . Since a crossing of ScD ′ in Tn is a self-crossing of ScD ′ , the
signature of the crossing is not required for lk(ScD ′). Thus, we obtain
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wt
(
D ′
)= ∑
c∈C(D ′)
lk
(
ScD
′) sign(c)
=
∑
c∈C(D ′−Tn)
lk
(
ScD
′) sign(c) + ∑
c∈C(Tn)
lk
(
ScD
′) sign(c)
=
∑
c∈C(D)
lk
(
ScD
′) sign(c) − n
= wt(D) − n.
The ﬁrst claim follows from Theorem 4.1. Next, we show dR3(D, D ′) n. It is easy to see that D ′ can be changed into D by
applying n Reidemeister moves of type II with parallel orientations and an Ω1b move. Then, Lemma 5.1 ensures that there
exists a prime sequence with R3-order n. This completes the second claim, and thus, the proof. 
Proposition 5.3. Let D be a diagram of a knot. For any pair (m,n) of nonnegative integers m and n, there exists a diagram D ′ with
dR1(D, D ′) =m and dR2(D, D ′) = n.
Proof. Let D ′ be a diagram obtained from D by replacing a local arc of D with the tangle Tn as in Fig. 7. Then, it is obvious
that D ′ can be transformed into D by applying [m+12 ] Ω1a moves, [m2 ] Ω1b moves and n Ω2b moves, where [x] means the
maximum integer which does not exceed x. Thus, we have dR1(D, D ′)  [m+12 ] + [m2 ] = m and dR2(D, D ′)  n. It is easy
to see that the difference of writhes of D and D ′ is m. Since Theorem 4.1 gives dR1(D, D ′)m, we have dR1(D, D ′) =m.
Considering numbers of Seifert circles and positive crossings of two diagrams D and D ′ , we ﬁnd that sc(D ′) = sc(D)+m+2n
and c+(D ′) = c+(D) +m + n. These two equalities show that cc(D ′) − cc(D) = n. By Theorem 4.1 we have dR2(D, D ′) n.
This completes the proof. 
Question 5.4. Let D be a diagram of a knot. For any triple (p1, p2, p3) of nonnegative integers p1, p2 and p3, does there
exist a diagram D ′ with dR j(D, D ′) = p j,1 j  3?
Question 5.5. Let D be a diagram of a knot. For any quadruple (m,n, l,k) of nonnegative integers m,n, l and k with 0 <
k − (m + n + l) ≡ 0 (mod 2), does there exist a diagram D ′ with (dR1(D, D ′), dR2(D, D ′), dR3(D, D ′), dRp(D, D ′)) =
(m,n, l,k)?
The following proposition gives a relationship among distances for three diagrams of a knot.
Proposition 5.6. There is no triple (D1, D2, D3) of diagrams D1, D2 and D3 of a knot such that the Rk-distance of any pair
(Di, D j),1 i < j  3, is odd, where k = 1,2,3 or p.
Proof. Suppose that Rk-distances of all pairs are odd. Then, the sum of those values is odd. On the other hand, Corollary 4.7
or 4.8 requires that the value is even. This is a contradiction. 
6. An application
In this section, we deﬁne an invariant for knots by using the distances. Let K be an oriented knot and D(K ) the set of
diagrams of K . Let Q be a subset of P5. If two diagrams D and D ′ in D(K ) are Q-equivalent, then we denote it by D
Q∼ D ′ .
We deﬁne as D
Q∼ D for any diagram D of K . The following lemma follows from the deﬁnition of Q-equivalent.
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Q∼” is an equivalence relation on D(K ).
We denote the set D(K )/ Q∼ of equivalence classes by [D(K )]. Let [D] and [D ′] be elements of [D(K )]. Then, we deﬁne
the Q-distance dQ ([D], [D ′]) between [D] and [D ′] by dQ (D, D ′).
Lemma 6.2. The Q-distance between [D] and [D ′] is well deﬁned.
Proof. Let D1 and D2 (resp. D ′1 and D ′2) be diagrams of K with [D1] = [D2] (resp. [D ′1] = [D ′2]). Suppose that
dQ ([D1], [D ′1]) = n. Then, the deﬁnition of the Q-distance shows that dQ (D1, D ′1) = n, and thus, there exists a prime
sequence PSQ(D ′1, D1) with |PSQ(D ′1, D1) : Q| = n. Since [D1] = [D2] and [D ′1] = [D ′2], there exist prime sequences
PSQ(D2, D1) and PSQ(D ′1, D ′2) with |PSQ(D2, D1) : Q| = |PSQ(D ′1, D ′2) : Q| = 0. By combining three prime sequences
above, we obtain a prime sequence PSQ(D2, D ′2) with |PSQ(D2, D ′2) : Q| = n. Hence, dQ (D2, D ′2)  n, which implies
dQ ([D2], [D ′2]) dQ ([D1], [D ′1]). On the other hand, by a similar argument, we also have dQ ([D1], [D ′1]) dQ ([D2], [D ′2]).
Since those two equalities give dQ ([D1], [D ′1]) = dQ ([D2], [D ′2]), we see that the deﬁnition of the Q-distance between [D]
and [D ′] is well deﬁned. 
Remark 6.3. dQ ([D], [D ′]) = dQ ([D ′], [D]).
Let r be a positive integer and [D0], [D1], . . . , [Dn−1] and [Dn],n > 0, mutually distinct elements of [D(K )] with
dQ ([Di], [D j]) = r for any pair (i, j),0 i < j  n. An (n+1)-tuple ([D0], [D1], . . . , [Dn]) of elements [D0], [D1], . . . , [Dn−1]
and [Dn] is said to be an n-cell of [D(K )] and is denoted by σ n . [D0], [D1], . . . , [Dn] are called vertices of σ n . A 0-cell of
[D(K )] denoted by σ 0 is deﬁned to be an element of [D(K )].
Let π be a permutation of the set {0,1, . . . ,n}. For two n-cells σ = ([D0], [D1], . . . , [Dn]) and σ ′ = ([Dπ(0)], [Dπ(1)], . . . ,
[Dπ(n)]), we deﬁne as σ ∼ σ ′ if π is an even permutation. Then, the relation “∼” is an equivalence relation among n-
cells with the same set of vertices. An equivalence class is called an oriented n-cell. An oriented cell represented by σ =
([D0], [D1], . . . , [Dn]) is denoted by 〈σ 〉 = 〈[D0], [D1], . . . , [Dn]〉. If n  2, then the number of equivalence classes is two. If
π is an odd permutation, then σ  σ ′ . Hence, 〈σ 〉 = 〈σ ′〉. Then, we write 〈σ ′〉 as −〈σ 〉.
Let M(K : Q, r) be the set of oriented cells of [D(K )], that is M(K : Q, r) = {〈σ n〉;n ∈ N ∪ {0}}. An element 〈σ n〉 of
M(K : Q, r) is also called n-cell of M(K : Q, r). For two cells 〈σ 〉 = 〈[D0], [D1], . . . , [Dn]〉 and 〈σ n−1〉,n 1, of M(K : Q, r), we
deﬁne the incidence number, which is denoted by [〈σ n〉 : 〈σ n−1〉], for the pair (〈σ n〉, 〈σ n−1〉) as follows:
[〈
σ n
〉 : 〈σ n−1〉]=
{
(−1) j, if 〈σ n−1〉 = 〈[D0], . . . , [Dˇ j], . . . , [Dn]〉,
0, otherwise,
where [Dˇ] means removing the element [D].
Remark 6.4. For any n-cell 〈σ n〉 in M(K : Q, r), there exist a ﬁnite number of (n − 1)-cells with non-zero incident number
with 〈σ n〉.
Lemma 6.5. For any two cells 〈σ n〉 and 〈σ n−2〉,n 2, of M(K : Q, r),∑
〈σ n−1〉∈M(K :Q,r)
[〈
σ n
〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉]= 0.
Proof. Let 〈σ n〉 = 〈[D0], [D1], . . . , [Dn]〉. If [〈σ n〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉] = 0 for some 〈σ n−1〉, then [〈σ n〉 : 〈σ n−1〉] = 0
and [〈σ n−1〉 : 〈σ n−2〉] = 0. Thus, from the deﬁnition of the incidence number, there exists a pair (i, j) of distinct integers i
and j so that 〈σ n−1〉 = 〈[D0], . . . , [Dˇi], . . . , [Dn]〉 and 〈σ n−2〉 = 〈[D0], . . . , [Dˇi], . . . , [Dˇ j], . . . , [Dn]〉. Hence, if〈
σ n−2
〉 = 〈[D0], . . . , [Dˇi], . . . , [Dˇ j], . . . , [Dn]〉
for any pair (i, j),0 i < j  n, then the claim is true. Suppose that 〈σ n−2〉 = 〈[D0], . . . , [Dˇi], . . . , [Dˇ j], . . . , [Dn]〉 for some
pair (i, j), 0 i < j  n. If
〈
σ n−1
〉
/∈ {〈[D0], . . . , [Dˇi], . . . , [Dn]〉, 〈[D0], . . . , [Dˇ j], . . . , [Dn]〉},
then we have [〈σ n−1〉 : 〈σ n−2〉] = 0, which leads to [〈σ n〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉] = 0. If 〈σ n−1〉 = 〈[D0], . . . , [Dˇi], . . . , [Dn]〉,
then we obtain [〈σ n〉 : 〈σ n−1〉] = (−1)i and [〈σ n−1〉 : 〈σ n−2〉] = (−1) j−1. Thus, we have [〈σ n〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉] =
(−1)i+ j−1.
If we assume that 〈σ n−1〉 = 〈[D0], . . . , [Dˇ j], . . . , [Dn]〉, then we see that [〈σ n〉 : 〈σ n−1〉] = (−1) j and [〈σ n−1〉 : 〈σ n−2〉] =
(−1)i , and thus, [〈σ n〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉] = (−1)i+ j . The above three facts show
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〈σ n−1〉∈M(K :Q,r)
[〈
σ n
〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉]= (−1)i+ j−1 + (−1)i+ j = 0,
completing the proof. 
For an n-cell 〈σ n〉 of M(K : Q, r), the boundary of 〈σ n〉 denoted by ∂n〈σ n〉 is deﬁned to be
∂n
〈
σ n
〉=
{∑
〈σ n−1〉∈M(K :Q,r)[〈σ n〉 : 〈σ n−1〉]〈σ n−1〉, if n 1,
0, if n = 0.
Let Cn(M(K : Q, r)),n 0, be a free abelian group generated by all n-cells of M(K : Q, r). And we deﬁne C−1(M(K : Q, r))
= 0. Then, any element c ∈ Cn(M(K : Q, r)) can be uniquely expressed as ∑〈σn〉∈M(K :Q,r) a〈σn〉〈σ n〉, where a〈σn〉 ∈ Z. We deﬁne
a map ∂n from Cn(M(K : Q, r)) to Cn−1(M(K : Q, r)) by ∂n(c) = ∑〈σn〉∈M(K :Q,r) a〈σn〉∂n〈σ n〉 if c = ∑〈σn〉∈M(K :Q,r) a〈σn〉〈σ n〉. It
is easy to see that, for any two elements c, c′ ∈ Cn(M(K : Q, r)), ∂n(c + c′) = ∂n(c) + ∂n(c′). Hence, we have the following.
Lemma 6.6. The map ∂n : Cn(M(K : Q, r)) → Cn−1(M(K : Q, r)) is a homomorphism.
The homomorphism ∂n has the following property.
Lemma 6.7. ∂n−1 ◦ ∂n = 0.
Proof. It is enough to show that (∂n−1 ◦ ∂n)(〈σ n〉) = 0 for any generator 〈σ n〉 ∈ Cn(M(K : Q, r)). The proof is by an induction
on the number n. If n = 1, then the claim follows from the deﬁnitions of ∂1 and ∂0 immediately. Suppose that n 2. Since
∂
(〈
σ n
〉)= ∂n〈σ n〉= ∑
〈σ n−1〉∈M(K :Q,r)
[〈
σ n
〉 : 〈σ n−1〉]〈σ n−1〉,
we obtain
(∂n−1 ◦ ∂n)
(〈
σ n
〉)= ∂n−1(∂n(〈σ n〉))
=
∑
〈σ n−1〉∈M(K :Q,r)
[〈
σ n
〉 : 〈σ n−1〉]∂n−1〈σ n−1〉
=
∑
〈σ n−1〉∈M(K :Q,r)
[〈
σ n
〉 : 〈σ n−1〉]
( ∑
〈σ n−2〉∈M(K :Q,r)
[〈
σ n−1
〉 : 〈σ n−2〉]〈σ n−2〉
)
=
∑
(〈σ n−1〉,〈σ n−2〉)∈M(K :Q,r)×M(K :Q,r)
[〈
σ n
〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉]〈σ n−2〉
=
∑
〈σ n−2〉∈M(K :Q,r)
( ∑
〈σ n−1〉∈M(K :Q,r)
[〈
σ n
〉 : 〈σ n−1〉][〈σ n−1〉 : 〈σ n−2〉]
)〈
σ n−2
〉
.
By Lemma 6.5, the last expression is equal to zero. This completes the proof. 
The following is an immediate consequence of Lemma 6.7.
Proposition 6.8. {Cn(M(K : Q, r)), ∂n} is a chain complex.
We call {Cn(M(K : Q, r)), ∂n} a chain complex of M(K : Q, r) and denote it by the same symbol as M(K : Q, r), that is M(K :
Q, r) = {Cn(M(K : Q, r)), ∂n}. For the chain complex M(K : Q, r), we denote subgroups Ker∂n and Im ∂n+1 of Cn(M(K : Q, r))
by Zn(M(K : Q, r)) and Bn(M(K : Q, r)), respectively. Since Bn(M(K : Q, r)) is a subgroup of Zn(M(K : Q, r)) by Lemma 6.5,
a quotient group Zn(M(K : Q, r))/Bn(M(K : Q, r)) is deﬁned. We call it the n-dimensional homology group of the chain complex
M(K : Q, r) and denote it by Hn(M(K : Q, r)).
Theorem 6.9. Let K be an oriented knot. Then, Hn(M(K : Q, r)) is an invariant for K .
Proof. Let K1 and K2 be oriented knots. If K1 and K2 have the same knot type, then D(K1) and D(K2) are identical. It
implies that M(K1 : Q, r) = M(K2 : Q, r). This completes the proof. 
Let σ 01 = 〈[D]〉 and σ 02 = 〈[D ′]〉 be distinct 0-cells of M(K : Q, r). σ 01 and σ 02 are deﬁned to be σ 01 ∼ σ 02 if there exists a
ﬁnite sequence (σ 1, . . . , σ 1 ) of 1-cells of M(K : Q, r) with [D] = [D0], [D ′] = [Dn] and σ 1 = 〈[D j], [D j+1]〉,0 j  n − 1.0 n−1 j
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among all 0-cells of M(K : Q, r).
M(K : Q, r) is connected if, for any two 0-cells σ 01 and σ 02 of M(K : Q, r), σ 01 ∼ σ 02 . Since any two diagrams of a knot can
be obtained from each other by applying a ﬁnite number of Reidemeister moves, we have the following.
Lemma 6.10. For an oriented knot K , M(K : P5,1) is connected.
Corollary 6.11. For an oriented knot K , H0(M(K : P5,1)) ∼= Z.
Theorem 6.12. Let r be a positive and odd integer and Q any of R1,R2,R3 or P5 . If n 2, then Hn(M(K : Q, r)) = 0.
Proof. If n  2, then Proposition 5.6 implies that there is no n-cell of M(K : Q, r). Hence, we have Cn(M(K : Q, r)) = 0, and
thus, Hn(M(K : Q, r)) = 0. 
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